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Abstract
Noncommutative phase spaces are generated and classified in the
framework of centrally extended anisotropic planar kinematical Lie
groups as well as in the framework of noncentrally extended planar
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1 Introduction
Models associated with a given symmetry group can be conveniently con-
structed using Souriau’s method. His theorem says in fact that when a
symmetry group G acts transitively on a phase space, then the latter is a
coadjoint orbit of G equipped with its canonical symplectic form [1, 2, 3].
The first applications that Souriau presented in his book [1] concern both
the Poincare´ and the Galilei groups for which coadjoint orbits represent el-
ementary particles characterized by the invariants m (mass) and s (spin).
Souriau himself goes one step further as he considers massless particles with
spin, m = 0, s 6= 0 identified as relativistic and nonrelativistic spin respec-
tively.
Souriau’s ideas were later extended to larger groups. Taking
G = Poincare×H0 where H0 is an internal symmetry group
(e. g SU(2), SU(3), ...) yields relativistic particles with internal structure
(for more details see [4, 5]).
The nonrelativistic kinematical groups admit nontrivial central exten-
sions by one-dimensional algebra in dimension d ≥ 3 but in the plane, they
admit an exotic [7] two-parameter central extension. The one-parameter
central extension of the spatial Galilei group has been considered by Souriau
in his book [1], the two-parameter central extension of the planar Galilei
group was studied in [7, 8].
Futhermore, Souriau’s method has recently also been applied to smaller
space-time symmetry groups . For example, in [6] a classical “photon ”model
was constructed, based entirely on the Euclidean group E(3), a subgroup
of both the Poincare´ and the Galilei groups. An other application of the
Souriau’s method is found in [9] where the most general dynamical systems
on which the nonrelativistic conformal groups act transitively as symmetries
are constructed.
Equivalently to the Souriau’s theorem, the dual G∗ of the Lie algebra G of
G has a natural Poisson structure whose symplectic leaves are the coadjoint
orbits. Depending on the Lie group, these orbits may provide noncom-
mutative phase spaces. Physical theories with noncommuting coordinates
have become the focus of recent research (see, e.g., [7, 8, 10, 11],...), the
notion of noncommutativity having different physical interpretations. For
example, it is well known that velocities do not commute in the presence of
an electromagnetic field. Also, it has been proved that in the presence of
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the dual electromagnetic field the positions do not commute and the maxi-
mal coadjoint orbits of the noncentrally extended planar Galilei and planar
Para-Galilei groups have been shown to be models of noncommutative phase
spaces [12].
Futhermore, a phase space with noncommutative positions and noncom-
mutative momenta has been realized by Souriau’s method on the anisotropic
Newton-Hooke groups [13]. In [14], the authors have found a similar sym-
metry in the so-called Hill problem, which is effectively an anisotropical
harmonic oscillator in a magnetic field. This system has no rotational sym-
metry while translations and generalized boosts still act as symmetries. The
noncommutative version of the Hill problem was discussed in [15].
In this paper, we use the Souriau’s approach to construct and classify
phase spaces of planar noncommutative systems. We consider the case where
the symmetry groups are the kinematical groups [16] and realize noncom-
mutative phase spaces on their maximal coadjoint orbits by using central
extensions of all anisotropic kinematical Lie algebras (when rotation in-
variance is released) . Note that for the one-parameter centrally extended
kinematical Lie algebras, the nontrivial Lie bracket which contains the only
central extension parameter m is
[Ki, Pj ] = mδij , (1)
which means that the generators of space translations as well as pure kine-
matical group transformations commute. One can not then associate non-
commutative phase spaces to the one-parameter centrally extended kine-
matical Lie groups. It is then the absence of the symmetry rotations (i.e
anisotropy of the plane) which guaranties the noncommutative phase space
for the anisotropic kinematical groups. However it is possible to associate a
noncommutative phase space to absolute time groups by considering their
noncentral extensions. Thus, we enlarge this theory by considering also the
noncentral extensions of the absolute time kinematical Lie algebras associ-
ated to the Lie groups classified in [17].
Explicitly, we show that noncommutative symplectic structures can be
generated in the framework of centrally extended anisotropic kinematical Lie
algebras as well as in the framework of noncentrally extended isotropic kine-
matical Lie algebras (rotations included). However, noncommutative phase
spaces realized with noncentral extensions of the kinematical Lie groups are
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geometrically more general than those constructed on their central exten-
sions. Furthermore, it is also shown in this paper that the noncommutativity
of momenta implies some modification of the second Newton law [12, 18, 19].
As the coadjoint orbit construction has not been curried through some of
these planar kinematical Lie groups before, physical interpretations of new
generators of those extended structures are given. In all these cases, the
noncommutativity is measured by naturally introduced fields, each corre-
sponding to a minimal coupling.
The paper is organized as follows. In section two, we give a review of the
eleven possible kinematical Lie algebras. We then extract those for which
rotation generators can be dropped producing anisotropic kinematical Lie
algebras [20]. In the third section, we compute both central and noncentral
extensions of the planar anisotropic kinematical Lie algebras and their corre-
sponding Lie groups with the assumption that an abelian extension (central
or noncentral) of a Lie algebra should integrates to an abelian extension
(central or noncentral) of its corresponding Lie group [21]. In the fourth
and fifth sections, we respectively summarize the coadjoint orbit method
and construct, for the first time, the coadjoint orbits of both the centrally
extended planar anisotropic and the noncentrally extended absolute time
kinematical Lie algebras. We finally classify the noncommutative phase
spaces obtained.
2 Possible anisotropic kinematical groups
Consider a manifold M on which a transformation group G acts transitively
(this action is usually the left one) meaning that M is a G-homogeneous
space. When M describes space-time, G is the kinematical group of M .
All d-dimensional space-times with a constant curvature have a kinematical
group of dimension 12d(d + 1) [22]. In [16], Bacry and Le´vy-Leblond have
classified the possible ten-parameter kinematical groups consisting of the
space-time translations, spatial rotations and inertial transformations con-
necting different inertial frames of reference. Bacry and Le´vy-Leblond have
shown, under the assumption that
• the space must be isotropic, meaning that the rotation group SO(d−1)
generated by Ja , a = 1, 2, ...,
(d−2)(d−1)
2 , is a subgroup of the kinemat-
ical group,
• the space-time must be homogeneous, meaning that the space transla-
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tions group generated by Pi, i = 1, 2, ..., d−1 and the time translations
group generated by H, are subgroups of the kinematical group,
• the inertial transformations group generated by Ki, i = 1, 2, ..., d − 1
is a noncompact subgroup of the kinematical group,
• the parity (π : H → H,Pi → −Pi,Ki → −Ki, Ja → Ja) and the
time-reversal (θ : H → −H,Pi → Pi,Ki → −Ki, Ja → Ja) are auto-
morphisms of the kinematical group,
that there are eleven kinematical groups. If L and T denote respectively the
dimension of a length and of a duration, then the physical dimensions of Pi,
H and Ki are L
−1, T−1 and L−1T respectively. It is also known that the
generators Ja of rotations are dimensionless.
Their corresponding kinematical Lie algebras are characterized by the
fact that the inertial transformation generators and the space translation
generators behave as vectors under rotations while the time translation gen-
erator behaves as a scalar :
[Jj , Jk] = Jlǫ
l
jk, [Jj ,Kk] = Klǫ
l
jk, [Jj , Pk] = Plǫ
l
jk, [Jj ,H] = 0 (2)
We also have that:
[Kj ,Kk] = µJlǫ
l
jk, [Kj , Pk] = γδjkH, [Kj ,H] = λPj (3)
where the physical dimension of the parameters µ and γ is L−2T 2 while the
parameter λ is dimensionless. Finally,
[Pj , Pk] = αJlǫ
l
jk, [Pj ,H] = βKj (4)
where the physical dimension of the parameter α is L−2 while that of the
parameter β is T−2.
Only three of the five parameters α, β, λ, µ, γ are independent. Effectively
the Jacobi identities
[Ki, [Pj , Pk]] + [Pj , [Pk,Ki]] + [Pk, [Ki, Pj ]] = 0
and
[Ki, [Kj , Pk]] + [Kj , [Pk,Ki]] + [Pk, [Ki,Kj ]] = 0
imply that
α = βγ , µ = −λγ
6
If we compute the adjoint representation of the generators Ki, we verify that
the non compacity of the boost transformations imply that µ ≤ 0, meaning
that λ and γ are all positive or all negative when one of them is not equal
to zero. The brackets (3) and (4) become
[Kj,Kk] = −λγJlǫ
l
jk, [Kj , Pk] = γδjkH, [Kj ,H] = λPj
and
[Pj , Pk] = βγJlǫ
l
jk, [Pj ,H] = βKj (5)
We remain with three parameters β, γ and λ constrained by the fact that
λ and γ are of the same sign when they are all different from zero. If each
generator is multiplied by −1, the three parameters change sign. As λ is
dimensionless, we can assume ( after normalization ) that λ = 1 or λ = 0
and then that γ ≥ 0.
Let κ denotes the space curvature and let ω denotes the time curvature
(frequency). Then, for each of the two values of λ, γ = 1
c2
or γ = 0 where
c = ω
κ
is a velocity. Also for each of the two values of γ, there are three Lie
algebras corresponding to β = ±ω2 and β = 0.
We then distinguish the case where boosts do not commute with time
translations ( i.e [Ki,H] = Pi) from the case where they commute ( i.e
[Ki,H] = 0) as detailed below.
2.1 Boosts not commuting with time translations
This case corresponds to λ = 1. The kinematical Lie algebras are then
defined by the brackets (2), (5) and
[Kj ,Kk] = −γJlǫ
l
jk, [Kj , Pk] = γδjkH, [Kj ,H] = Pj
According to the values of γ and β, the possible planar kinematical Lie alge-
bras of this form are summarized in the following table where dS+, dS−, P,
NH+, NH− and G stand respectively for the de Sitter, the anti de Sitter,
the Poincare´, the expanding Newton-Hooke, the oscillating Newton-Hooke
and the Galilei Lie algebras.
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Table 1: Kinematical Lie algebras whose boosts do not commute with time
translations ( [Ki,H] = Pi).
γ = 1
c2
[Kj ,Kk] = −
1
c2
Jlǫ
l
jk, [Kj , Pk] =
1
c2
δjkH, [Kj ,H] = Pj
dS+ β = ω
2 [Pj , Pk] = κ
2Jlǫ
l
jk, [Pj ,H] = ω
2Kj
P β = 0 [Pj , Pk] = 0, [Pj ,H] = 0
dS− β = −ω
2 [Pj , Pk] = −κ
2Jlǫ
l
jk, [Pj ,H] = −ω
2Kj
γ = 0 [Kj ,Kk] = 0,[Kj , Pk] = 0,[Kj ,H] = Pj
NH+ β = ω2 [Pj , Pk] = 0, [Pj ,H] = ω
2Kj
G β = 0 [Pj , Pk] = 0, [Pj ,H] = 0
NH− β = −ω
2 [Pj , Pk] = 0, [Pj ,H] = −ω
2Kj
2.2 Boosts commuting with time translations
This case corresponds to λ = 0. The kinematical Lie algebras are then
defined by the brackets (2), (5) and
[Kj ,Kk] = 0, [Kj , Pk] = γδjkH, [Kj ,H] = 0
In this case, we obtain the kinematical Lie algebras summarized in the table
below where P ′+, P
′
−, C, G
′
+, G
′
− and S stand respectively for the Para-
Poincare´, the anti Para-Poincare´, the Carroll, the Para-Galilei, the Anti-
Para-Galilei and the Static Lie algebras.
Table 2: Kinematical Lie algebras whose boosts and time translations com-
mute ( [Ki,H] = 0).
γ = 1
c2
[Kj ,Kk] = 0, [Kj , Pk] =
1
c2
δjkH, [Kj ,H] = 0
P ′+ β = ω
2 [Pj , Pk] = κ
2Jlǫ
l
jk, [Pj ,H] = ω
2Kj
C β = 0 [Pj , Pk] = 0, [Pj ,H] = 0
P ′− β = −ω
2 [Pj , Pk] = −κ
2Jlǫ
l
jk, [Pj ,H] = −ω
2Kj
γ = 0 [Kj ,Kk] = 0 , [Kj , Pk] = 0, [Kj ,H] = 0
G′+ β = ω
2 [Pj , Pk] = 0, [Pj ,H] = ω
2Kj
S β = 0 [Pj , Pk] = 0, [Pj ,H] = 0
G′− β = −ω
2 [Pj , Pk] = 0, [Pj ,H] = −ω
2Kj
In conclusion, the Lie brackets for the possible kinematical Lie algebras ac-
cording to the classification in [16] are summarized in the following table
where the brackets of the form [J,Xi] = Xjǫ
j
i and [J,H] = 0 are omitted.
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Table 3: Lie brackets for the possible kinematical Lie algebras according to
the classification in [16].
Lie algebra [Ki,H] [Ki,Kj ] [Ki, Pj ] [Pi, Pj ] [Pi,H]
dS+ Pi −
1
c2
Jkǫ
k
ij
1
c2
Hδij κ
2Jkǫ
k
ij ω
2Ki
P Pi −
1
c2
Jkǫ
k
ij
1
c2
Hδij 0 0
dS− Pi −
1
c2
Jkǫ
k
ij
1
c2
Hδij −κ
2Jkǫ
k
ij −ω
2Ki
NH+ Pi 0 0 0 ω
2Ki
G Pi 0 0 0 0
NH− Pi 0 0 0 −ω
2Ki
P ′+ 0 0
1
c2
Hδij κ
2Jkǫ
k
ij ω
2Ki
C 0 0 1
c2
Hδij 0 0
P ′− 0 0
1
c2
Hδij −κ
2Jkǫ
k
ij −ω
2Ki
G′ 0 0 0 0 ω2Ki
S 0 0 0 0 0
Futhermore, their corresponding Lie groups are distributed according to
the table below:
Table 4: Kinematical groups classification according [17]
Relative time groups de Sitter, Poincare´, Para-Poincare´, Carroll
Absolute time groups Newton-Hooke, Galilei, Para-Galilei, Static
Relative space groups de Sitter, Newton-Hooke, Poincare´, Galilei
Absolute space groups Para-Poincare, Para-Galilei, Carroll, Static
Cosmological groups de Sitter, Newton-Hooke, Para-Poincare´, Para-Galilei
Local groups Poincare´, Galilei, Carroll, Static
The corresponding anisotropic Lie algebras are obtained by dropping the
generators Ji of rotations, meaning that they are generated by {Ki, Pi,H}.
This is only possible for the two Newton-Hooke Lie algebras, the Galilei
and the Para-Galilei Lie algebras, the Carroll Lie algebra and the Static
Lie algebra where the rotation generators do not appear in the right hand
side of the brackets [Ki,Kj ] and [Pi, Pj ]. Except the Carroll group, all
possible anisotropic groups are absolute time groups. Thus, next to these
anisotropic kinematical Lie algebras we consider also the absolute time Lie
algebras with respect to the isotropy of the two-dimensional space because
both the two types of kinematical Lie algebras admit extensions. In the fol-
lowing section, we determine central and noncentral extensions of the above
planar kinematical Lie algebras. Hereafter, absolute (relative) time groups
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will be called nonrelativistic (relativistic) kinematical groups.
3 Extensions of the planar kinematical Lie alge-
bras
3.1 Central extensions of anisotropic kinematical Lie alge-
bras
3.1.1 Relativistic anisotropic Lie algebra (Carroll Lie algebra)
The Carroll Lie algebra, was first introduced in [23] as time-velocity contrac-
tion [24] of the Poincare´ algebra through a rescaling of the boosts and time
translations. Although appearing naturally in the classification of kinemat-
ical groups, as an alternative intermediate algebra in the contraction of the
Poincare´ group onto the Static group, and therefore as another limit (the
other being the Galilei algebra), the Carroll algebra has played no distin-
guish role in Kinematics. However, recently it has been analyzed whether
this algebra constitutes an object in the study of the problem of tachyon
condensation in string theory [25]. It is in this context where a possible
cosmological interpretation of this limit of the Poincare´ algebra and the
noncommutative phase spaces on the Carroll group recover some interest.
Furthermore, Carroll Lie algebra is the only relativistic algebra which is
anisotropic. Its only nontrivial Lie bracket is given by :
[Ki, Pj ] =
1
c2
Hδij (6)
By using standard methods [2, 3, 16, 26, 27], we obtain that the central
extension of this Lie algebra is defined by the following Lie brackets
[Ki,Kj ] =
1
c2
Sǫij (7)
[Ki, Pj ] =
1
c2
Hδij , [Pi, Pj ] = κ
2Sǫij
[Ki,H] = 0, [Pi,H] = 0
where S generates the center of this extended Lie algebra and is dimension-
less while κ is the space curvature.
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3.1.2 Absolute time anisotropic Lie algebras
The cohomological structure which determines the existence of central
extensions of absolute time kinematical groups originates in their invariant
subgroup spanned by translations and boosts [1].
The five nonrelativistic anisotropic Lie algebras are defined by the following
Lie structure :
[Kj ,Kk] = 0
[Kj , Pk] = 0, [Pj , Pk] = 0
[Kj ,H] = λPj , [Pj ,H] = βKj
with λ = 1 or zero, β = ±ω2 or zero.
Dimensional analysis permit us to set that a priori the possible central
extensions are defined by the following Lie brackets :
[Kj ,Kk] =
µ
c2
Sǫjk (8)
[Kj , Pk] = γMδjk, [Pj , Pk] = κ
2αSǫjk
[Kj ,H] = λPj , [Pj ,H] = βKj
where S , α, γ and µ are dimensionless while the dimension of M is L−2T
and that of the parameter β is L−2.
The Lie brackets (8) will form Lie algebras if every triplet satisfies the Jacobi
identity. The Jacobi identities
[Ki, [Pj ,H]] + [Pj , [H,Ki]] + [H, [Ki, Pj ]] = 0
imply that
µβ
c2
= −κ2λα (9)
By using relation c = ω
κ
in (9) for the above possible values of λ and β, we
get the following cases :
• µ = ∓α for λ = 1 and β = ±ω2
• µ ∈ ℜ while α = 0 when λ = 1 and β = 0
• α ∈ ℜ while µ = 0 when λ = 0 and β = ω2
• µ, α ∈ ℜ when λ = 0 and β = 0
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We can assume after normalization (µ = 1 and γ = 1) that the central ex-
tended planar nonrelativistic anisotropic Lie algebras are given by the Lie
brackets summarized in the following table:
Table 5: Central extensions of nonrelativistic anisotropic kinematical Lie
algebras
Lie algebra [Pi,H] [Ki,H] [Pi, Pj ] [Ki,Kj ] [Ki, Pj ]
Extended NH+ ω
2Ki Pi −κ
2Sǫij
1
c2
Sǫij Mδij
Extended NH− −ω
2Ki Pi κ
2Sǫij
1
c2
Sǫij Mδij
Extended G 0 Pi 0
1
c2
Sǫij Mδij
Extended G′± ±ω
2Ki 0 κ
2Sǫij 0 Mδij
Extended S 0 0 κ2Sǫij
1
c2
Sǫij Mδij
These centrally extended anisotropic Lie algebras are new except for the
Newton-Hooke groups case [13, 14, 28].
3.2 Noncentral extensions of the absolute time planar kine-
matical Lie algebras
The six absolute time Lie algebras are defined by the following nontrivial
Lie brackets
[J,Kj ] = Kiǫ
i
j, [J, Pj ] = Piǫ
i
j , [Ki,H] = λPi, [Pi,H] = βKi, i, j = 1, 2
with λ = 1 or zero, β = ±ω2 or zero. We distinguish four cases :
3.2.1 Newton-Hooke Lie algebras
The Newton-Hooke Lie algebras correspond to the case λ = 1 and
β = ±ω2. Dimensional analysis permits us to set that after normalization
the noncentral extensions of NH± coincides with their two-fold centrally
extended Lie algebras whose nontrivial Lie brackets are given by:
[J,Kj ] = Kiǫ
i
j , [J, Pj ] = Piǫ
i
j, [Kj ,Kk] =
1
c2
Sǫjk, [Kj , Pk] =Mδjk
and
[Pj , Pk] = κ
2Sǫjk , [Kj ,H] = Pj , [Pj ,H] = ±ω
2Kj
where S and M generate the center of these centrally extended algebras, κ
is a constant space curvature while ω is the time curvature.
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3.2.2 Para-Galilei Lie algebras
The Para-Galilei Lie algebras correspond to the case λ = 0 and β = ±ω2.
Their corresponding noncentrally extended Lie algebras has the following
structure
[J,Kj ] = Kiǫ
i
j, [Kj ,Kk] = 0
[J, Pj ] = Piǫ
i
j, [Kj , Pk] =Mδjk, [Pj , Pk] = κ
2Sǫjk
[J,H] = 0, [Kj ,H] = Πj , [Pj ,H] = ±ω
2Kj
[J,Πj ] = Πiǫ
i
j
where ~Π behaves as a vector under rotations and has the dimension as that of
~P and where S and M commute with other generators of this noncentrally
extended Lie algebras. This case corresponds to the planar noncentrally
extended Para-Galilei Lie algebras, cfr [12].
3.2.3 Galilei Lie algebra
The Galilei Lie algebra corresponds to the case λ = 1 and β = 0. Its
noncentrally extended Lie algebra has the following Lie structure :
[J,Kj ] = Kiǫ
i
j , [Kj ,Kk] =
1
c2
Sǫjk
[J, Pj ] = Piǫ
i
j , [Kj , Pk] =Mδjk, [Pj , Pk] = 0
[J, Fj ] = Fiǫ
i
j , [Ki, Fj ] = 0, [Pi, Fj ] = 0
[J,H] = 0, [Kj ,H] = Pij , [Pj ,H] = Fj
This noncentrally extended Lie structure has been used in [12].
3.2.4 Static Lie algebra
The Static Lie algebra corresponds to the case λ = 0 and β = 0. Its
noncentral extension has the following Lie structure :
[J,Kj ] = Kiǫ
i
j , [Kj ,Kk] = 0 (10)
[J, Pj ] = Piǫ
i
j , [Kj , Pk] =Mδjk, [Pj , Pk] = 0
[J, Fj ] = Fiǫ
i
j, [Kj , Fk] = Bδjk, [Pj , Fk] = Λδjk
[J,Πj ] = Πiǫ
i
j , [Kj ,Πk] =M
′δjk, [Pj ,Πk] = Bδjk
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[J,H] = 0, [Kj ,H] = Πj , [Pj ,H] = Fj
This result is quite new and corresponds to the planar noncentrally extended
Static Lie algebra.
4 Coadjoint orbits
The notion of coadjoint orbits is the main ingredient of the orbit method.
Moreover it is the most important mathematical object that has been brought
into consideration in connection with the orbit method. Indeed, this method
relates the coadjoint orbit of a group G to a phase space. The construction
of the coadjoint orbits and their canonical symplectic structures (Kirillov-
Kostant-Souriau) is presented in detail own to describe examples of non-
commutative phase spaces on kinematical Lie groups.
Let G be a Lie group and G its Lie algebra. Let Ad : G→ Aut(G) be the
adjoint representation of G on its Lie algebra G such that the automorphism
Adg associated to g ∈ G is defined by
Adg(X) = gXg
−1, X ∈ G
If G∗ is the dual of G, it is well known that the coadjoint action of G on G∗
Ad∗ : G∗ × G → ℜ is such that:
〈Ad∗X(α), Y )〉 = 〈α, [X,Y ]〉
If α = αiǫ
i ∈ G∗, X = eiX
i, Y = eiY
i ∈ G then
〈Ad∗X(α), Y )〉 = Kij(α)X
iY j
where
Kij(α) = αkC
k
ij (11)
is the Kirillov 2-form [29] on G∗.
The representation ρ : G → F(G∗) of G on the space of vector fields on
G∗ defined by
ρ(Xi) = Kij(α)
∂
∂αj
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is a Lie algebra homomorphism such that
Ker(K(α)) = {f ∈ C∞(G∗,ℜ) : ρ(X)f = 0,X ∈ G}.
This means that Ker(K(α)) is the set of all invariants f of G in G∗ satisfying
the following relation:
Kij(α)
∂f
∂αj
= 0 (12)
The quotient space
O∗α = G
∗/Ker(K(α)),
called the coadjoint orbit of G in G∗, is a symplectic manifold [30] whose
symplectic form σij is obtained from
Ωijσ
jk = δki
where Ωij = Kij\O
∗
α, i.e the restriction of the Kirillov form to the orbit.
Explicitly, the two-symplectic form is given by the following relation
σ = (Ω−1)abdxb ∧ dxa (13)
which takes the form σ = dpi ∧ dq
i in the canonical coordinates.
If xa = (pi, q
i), the Poisson bracket implied by the Kirillov symplectic
structure
{H, f} = −Ωab
∂H
∂xa
∂f
∂xb
(14)
leads to
{pk, pi} = 0 , {pk, q
i} = δik , {q
k, qi} = 0 (15)
where pi, q
i represent the generalized canonical coordinates and momenta of
the system. Relations (15) mean that the momenta commute within them-
selves as well as the positions.
Interesting consequences arise by considering central and noncentral ex-
tensions of Lie algebras and this provides a more general symplectic two-form
(13) whose extended Poisson brackets are given by
{xa, xb} = Θab
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where
Θ =


0 G 1 0
−G 0 0 1
−1 0 0 F
0 −1 −F 0


is the inverse of the matrix of the symplectic form
Ω =
1
1−GF


0 F −1 0
−F 0 0 −1
1 0 0 G
0 1 −G 0


The fields F and G are constant because they are coming from central or
noncentral extensions of Lie algebras. But cases where they are not constant
have been considered [31]. Moreover the respective physical dimensions of
Gij and Fij are M
−1T and MT−1, M representing a mass while T repre-
sents a time.
The noncommutative phase space is then defined as a space on which
variables satisfy the commutation relations:
{qi, qj} = Gij , {pi, q
j} = δji , {pi, pj} = Fij
where δji is a unit matrix.
The equations of motion corresponding to the above symplectic structure
are given by:
x˙i = {H,xi} = Θij
∂H
∂xj
more explicitly:
q˙i =
∂H
∂pi
+Gǫij
∂H
∂xj
p˙i = −
∂H
∂qi
+ Fǫij
∂H
∂pj
(16)
If G = F = 0, then (16) are the usual Hamiltonian equations.
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5 Noncommutative phase spaces constructed group
theoretically
Planar noncommutative phase spaces are constructed on both anisotropic
kinematical groups by working with their central extensions (subsection
5.1) and on absolute time groups with respect to the isotropy of the two-
dimensional space by considering their noncentral extensions (subsection
5.2). As it has been said in the introduction, the authors in [12] and [13]
have constructed noncommutative phase spaces by coadjoint orbit method
starting with the noncentrally extended Galilei and Para-Galilei Lie algebras
and the centrally extended anisotropic Newton-Hooke Lie algebras respec-
tively. In this section, we construct noncommutative phase spaces on the
other planar kinematical Lie algebras.
5.1 Noncommutative phase spaces on anisotropic kinemat-
ical groups
5.1.1 Newton-Hooke noncommutative phase space
Nonrelativistic particle models have been constructed following Souriau’s
method for the two-parameter centrally extended anisotropic Newton-Hooke
groups in a two-dimensional space [13] yielding similar results as in [14].
Indeed, by considering the oscillating Newton-Hooke group, the authors in
[14] have found a similar symmetry in the so-called Hill problem (the latter is
studied in celestial mechanics), which is effectivelly an anisotropic harmonic
oscillator in a magnetic field. The peculiarity is that this system has no
rotational symmetry while translations and boosts still act as symmetries.
Note also that, as already said in the introduction, the noncommutative
version of the Hill problem was been discussed in [15]. For all these reasons
this case is not reviewed in this section.
5.1.2 Galilean noncommutative phase space
The (2+1)-Galilei group G is a six-parameter Lie group. It is the kinemat-
ical group of a classical, nonrelativistic space-time having two spatial and
one time dimensions. It consists of translations of time and space, rotations
and velocity boosts. The planar Galilei group G and its Lie algebra G have
been explicitly defined in [12]. The latter can also be obtained from the
Poincare´ algebra through the velocity-space contraction defined by rescal-
ing the boosts and the space translation generators [24].
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The central extension of the corresponding anisotropic Galilei Lie alge-
bra is defined by the brackets given in the table (5) whereM and S generate
its center, c being a constant velocity.
Let kiK
∗i + piP
∗i + EH∗ +mM∗ + hS∗ be the general element of the
dual of the planar centrally extended Lie algebra where ~k is a kinematic
momentum, ~p is a linear momentum, E is an energy, m is a mass and h is
an action. Then m and h are trivial invariants under the coadjoint action
of the planar anisotropic Galilei group. The other invariant, the solution of
the Kirillov’s system (12), is explicitly given by:
U = e−
~p 2
2m
(17)
and is interpreted as the internal energy [1]. The inverse Ω−1 of the restric-
tion Ω of the Kirillov’s matrix on the orbit is given by
Ω−1 =


0 0 − 1
m
0
0 0 0 − 1
m
1
m
0 0 1
mω0
0 1
m
− 1
mω0
0


where ω0 is defined by
hω0 = mc
2 (18)
a relation remembering us the wave-particle duality, the left hand side be-
ing an energy associated to a frequency, the right hand side being an energy
associated to a mass.
By using the relation
qi =
ki
m
, (19)
and the wave-particle duality (18), we obtain that the Poisson bracket (14)
takes the form:
{H, f} =
∂H
∂pi
∂f
∂qi
−
∂H
∂qi
∂f
∂pi
+Gij
∂H
∂qi
∂f
∂qj
with
Gij = −
ǫij
mω0
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Futhermore, the maximal coadjoint orbit denoted byO(m,h,U) is equipped
with the modified symplectic 2-form:
σ = dpi ∧ dq
i +
ǫij
mω0
dpi ∧ dpj (20)
which corresponds to the minimal coupling of position with the naturally
introduced dual magnetic potential [13] where coordinates are:
πi = pi , x
i = qi +
pk
2mω0
ǫki
It follows that
{pi, pj} = 0 , {pi, x
k} = δki , {x
i, xj} = Gij
So following the coadjoint orbit method, we have constructed a nonrela-
tivistic particle model for the two-parameter centrally extended anisotropic
Galilei group in a two-dimensional space, recovering the exotic model de-
scribed in [8]. It is a noncommutative phase space whose positions do not
commute. This noncommutativity is due to presence of a naturally intro-
duced dual magnetic field given by the relation
e∗B∗ = −
1
mω0
Moreover the equations of motion corresponding to the above symplectic
structure are given by:
dpi
dt
= −
∂H
∂qi
,
dxi
dt
=
∂H
∂pi
+
ǫki
2mω0
∂H
∂qk
i.e.
dpi
dt
= −
∂H
∂qi
,
dxi
dt
=
∂H
∂pi
−
ǫki
2mω0
dpk
dt
It has been proved in [32] that for Hamiltonian function of the form :
H =
1
2m
(p21 + p
2
2) + V (x
1, x2), V (x1, x2) =
∑
i
Fix
i, Fi = const. (21)
the corresponding Newton equation
m
d2xi
dt2
= Fi (22)
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remains undeformed.
In the following section, we realize the Poisson brackets of the form :
{pk, pi} = Fki , {pk, q
i} = δik , {q
k, qi} = 0
by the coadjoint orbit method on the planar anisotropic Para-Galilei group
and prove that the noncommutativity of momenta implies the modification
of the second Newton law (22) [18, 19].
5.1.3 Para-Galilean noncommutative phase space
The nonrelativistic Para-Galilei group is obtained through a space-time con-
traction of the Newton-Hooke groups or through a space-velocity contraction
of the Para-Poincare´ group. It contracts itself by a velocity-time contraction
in the Static group [16, 24].
The planar Para-Galilei group and its Lie algebra have been explicitly
defined in [12]. The central extension of its corresponding anisotropic Lie
algebra generated by Ki, Pi,H is defined by the Lie brackets given in the
table (5) whereM and S generate the center of its planar centrally extended
Lie algebra.
Let kiK
∗i+ piP
∗i+EH∗+mM∗+hS∗ be a general element of the dual
of the centrally extended anisotropic Para-Galilei Lie algebra where ~k is a
kinematic momentum, ~p is a linear momentum, E is an energy, m is a mass
and h is an action.
The coadjoint orbit of the Para-Galilei centrally extended Lie group on
the dual of its Lie algebra is then characterized by the two trivial invariants
m and h, and a nontrivial invariant U , solution of the system (12) and given
by :
U = E +
mω2~q 2
2
(23)
where we have used relation c = ω
κ
, (18) and (19). Let us denote by O(m,h,U)
the coadjoint orbit.
The inverse Ω−1 of the restriction Ω = (Ωab) of the Kirillov form (in the
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basis (K1,K2, P1, P2,H)) on O(m,h,U) is then
Ω−1 =


0 ω
2
mω0
− 1
m
0
− ω
2
mω0
0 0 − 1
m
1
m
0 0 0
0 1
m
0 0


where we have used the wave-particle duality and the relation c = ω
κ
.
The Poisson bracket (14) is in this case given by:
{H, f} =
∂H
∂pi
∂f
∂qi
−
∂H
∂qi
∂f
∂pi
+ Fij
∂H
∂pi
∂f
∂pj
with
Fij = −
ǫijmω2
ω0
where we have used the relation the wave-particle duality (18) and (19).
Moreover, the symplectic form (13) takes the form :
σ = dpi ∧ dq
i +
ǫijmω2
ω0
dqi ∧ dqj (24)
If the frequency of the charged particle still unchanged : i.e ω0 = ω, this
symplectic structure is equivalent to the one obtained in [14].
The (modified) symplectic structure (24) corresponds to the minimal cou-
pling of momenta with magnetic potential [13] where the coordinates
πi = pi +
ǫijmω2
2ω0
qk , qi = xi
satisfy
{xi, xk} = 0 , {πi, x
k} = δki , {πi, πk} = Fik
So with the planar anisotropic Para-Galilei group, we have obtained non-
commutative phase space whose momenta do not commute. This noncom-
mutativity is due to the presence of a naturally introduced magnetic field B
given by the relation:
eBǫij = Fij (25)
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The corresponding equations of motion take the form:
dpi
dt
= −
∂H
∂qi
+ Fij
∂H
∂pi
δij ,
dxi
dt
=
∂H
∂pi
i.e.
dpi
dt
= −
∂V
∂qi
−
ǫijmω2
ω0
dxj
dt
,
dxi
dt
=
∂H
∂pi
or equivalently
m
d2xi
dt2
= −
∂V
∂xi
+ eBǫij
pj
m
(26)
for Hamiltonian of the form (21) and where we have used (25). We inter-
pret the equation (26) as the modified Newton’s second law [18, 19]. The
second term in this equation is a correction due to the noncommutativity
of momenta. It is a damping force which depends on the space through the
factor of noncommutativity Fij . For Fij = 0 or B = 0, equation (26) leads
to the usual Newton’s second law.
5.1.4 Anisotropic Static noncommutative phase spaces
The planar Static Lie algebra is an abelian Lie algebra generated by J for
rotation, ~K for boosts, ~P for space translations and H for time translations.
The general element of the connected Static group can be written as
g = exp(~v ~K + ~x~P + tH) exp(θJ)
where the parameter ~v, ~x and t are respectively the velocity parameter, the
space translations parameter and the time translations parameter, θ is an
angle. We restrict our study to the planar anisotropic Static group.
Let consider the central extension of the planar anisotropic Static Lie
algebra whose Lie algebra stucture is given in the table (5).
Let hS∗ + kiK
∗i + piP
∗i + EH∗ +mM∗ be the general element of the
dual of the planar anisotropic centrally extended Static Lie algebra. Then
E, m and h are trivial invariants under the coadjoint action of the planar
anisotropic Static Lie group.
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The restriction of the Kirillov’s matrix on the orbit is given by
Ω =


0 h
c2
m 0
− h
c2
0 0 m
−m 0 0 κ2h
0 −m −κ2h 0


By using the wave-particle duality (18) and the equality c = ω
κ
, we obtain
that the Poisson bracket of two functions implied by the Kirillov symplectic
structure is given by
{h, f} =
∂h
∂pi
∂f
∂qi
−
∂h
∂qi
∂f
∂pi
+Gij
∂h
∂qi
∂f
∂qj
+ Fij
∂h
∂pi
∂f
∂pj
; i, j = 1, 2
with
Gij = −
ǫij
mω0
, Fij = −(m− µe)ωǫij
and where
µe = m−
κ2h
ω
, ~q =
~k
µe
(27)
µe being an effective mass. It follows that the magnetic fields B and B
∗ are
such that
e∗B∗ = −
1
mω0
, eB = (m− µe)ω (28)
The effective mass is then given in function of the magnetic field by
µe = m−
eB
ω
The Hamilton’s equations are then
dπi
dt
= −
∂H
∂qi
− (m− µe)ωǫik
∂H
∂pk
,
dxi
dt
=
∂H
∂pi
+
ǫik
2mω0
∂H
∂qk
The inverse of Ω is
Ω−1 =


0 − ω
µe
− 1
µe
0
ω
µe
0 0 − 1
µe
1
µe
0 0 1
µeω0
0 1
µe
− 1
µeω0
0


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where we have used the wave-particle duality and (27). Finally the orbit is
equipped with the ( modified) symplectic form
σ = dpi ∧ dq
i +
1
µeω0
ǫijdpi ∧ dpj − µeωǫijdq
i ∧ dqj (29)
We observe that with the planar anisotropic Static group, the phase
space obtained is completely noncommutative. In fact, with the coadjoint
orbit method applied to the centrally extended anisotropic Static Lie alge-
bra, the phase space obtained is such that positions as well as momenta are
noncommutative due to the noncommutativity of both the generators of the
pure Static transformations and the generators of space transformations.
This noncommutativity is measured by two naturally introduced magnetic
fields expressed by relations (28). The same results have been obtained in
the planar anisotropic oscillating Newton-Hooke group case [13].
5.1.5 Carroll noncommutative phase spaces
The planar anisotropic Carroll group is the Carroll group C(2) without the
rotations parameters [20]. Its Lie algebra has the only nontrivial Lie bracket
given by (6) where the left invariant vector fields are given by :
~K =
∂
∂~v
, ~P =
~v
c2
∂
∂t
+
∂
∂~x
, H =
∂
∂t
.
By using standard methods, we have obtained that the central extension of
the planar anisotropic Carroll algebra is given by (7).
Let hS∗ + kiK
∗i + piP
∗i + EH∗ be the general element of the dual of
the centrally extended planar Carroll Lie algebra. Then E and h are trivial
invariants under the coadjoint action.
The restriction of the Kirillov form on the orbit in the basis (K1,K2, P1, P2,H)
is in this case
Ω =


0 h
c2
E
c2
0
− h
c2
0 0 E
c2
−E
c2
0 0 κ2h
0 −E
c2
−κ2h 0


By using relations hω0 = mc
2 = E, c = ω
κ
and (27), we obtain similar results
as in the Static group case. Thus, by applying coadjoint orbit method to
the extended planar anisotropic Carroll group, the structure of the phase
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space obtained is the same as in the Static group case: positions as well
as momenta do not noncommute due to the noncommutativity of both the
generators of the pure Carroll transformations and the generators of space
transformations.
5.2 Noncommutative phase spaces on absolute time groups
For the planar absolute time groups, the noncommutative phase spaces are
obtained by working with the noncentral extensions. As it has been already
said, noncommutative phase spaces on noncentrally extended planar Galilei
and Para-Galilei Lie algebras have been constructed, cf [12]. In addition,
we have found that noncentral extensions of Newton-Hooke Lie algebras
lead to nonvanishing commutator of two bosts and two momenta as their
corresponding anisotropic Lie algebras [13]. This means that totally non-
commutative phase spaces can be realized with the Newton-Hooke groups
in both cases.
However, noncommutative phase spaces obtained with noncentral exten-
sions of Newton-Hooke groups are geometrically more general than those
obtained with central extensions of the same groups because their symplec-
tic two-forms contain additional terms. In this section we construct the
noncommutative phase space on noncentrally extended Static Lie algebra,
the only case which have not been done in the set of absolute time groups.
5.2.1 Static noncommutative phase space in the absolute time
case
The noncentrally extended Static Lie algebra of the planar Static group
satisfies the nontrivial Lie brackets (10).
Let
g = exp(viKi + x
iPi + tH)exp(θJ)
be the general element of the Static group and
gˆ = exp(ξM + bS + ϕM ′ + aΛ)exp(ηiFi + l
iΠi)g
be the general element of the connected Lie group associated to the noncen-
trally extended Static Lie algebra G. By using the Baker-Hausdorf formulae
[33] and by identifying gˆ with (β, ~ν, g) where β = (ξ, ϕ, b, a), ~ν = (~η,~l), we
obtain that the multiplication law of the corresponding extended Lie group
is
(β, ~ν, g)(β ′, ~ν ′, g′) = (β + β ′ + c(g, g′), R(θ)~ν ′ + ~ν + ~c (g, g′), gg′)
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with
gg′ = (θ,~v, ~x, t)(θ ′, ~v ′, ~x ′, t ′) = (θ + θ ′, R(θ)~v ′ + ~v,R(θ)~x ′ + ~x, t+ t ′)
and where
c(g, g′) = (−
1
2
R(−θ)~v.~x ′ +
1
2
R(−θ)~x.~v ′,−
1
2
R(−θ)~v.~l ′ +
1
2
R(−θ)~l.~v ′
−
1
2
~l.~v −
1
2
R(−θ)~l ′.R(−θ)~v ′,
−
1
2
R(−θ)~v.~η ′ +
1
2
R(−θ)~η.~v ′ −
1
2
R(−θ)~x.~l ′ +
1
2
R(−θ)~l.~x ′
−
1
2
~η.~v −
1
2
~l.~x−
1
2
R(−θ)~l ′.R(−θ)~x ′ −
1
2
R(−θ)~η ′.R(−θ)~v ′,
−
1
2
R(−θ)~x.~η ′ +
1
2
R(−θ)~η.~x ′ −
1
2
~η.~x−
1
2
R(−θ)η ′.R(−θ)~x ′)
while
~c (g, g′) = (
1
2
[~xt′ − tR(θ)~x ′],
1
2
[~vt′ − tR(θ)~v ′])
θ being an angle of rotations, ~v a boost vector, ~x a space translation vector
and t being a time translation parameter.
Let jJ∗+mM∗+βS∗+µM ′∗+κΛ∗+fiF
∗i+IiΠ
∗i+kiK
∗i+piP
∗i+EH∗,
(i = 1, 2) be the general element of the dual of the noncentrally extended
Static Lie algebra where the observables are an angular momentum j, a
static momentum ~k, an energy E, a force ~f , two linear momenta ~p and ~I,
two masses m and µ, a frequency ω = β
µ
and a Hooke’s constant κ.
Then m,µ, β and κ are trivial invariants under coadjoint action of the
Static group in two-dimensional space. The nontrivial invariants s and U ,
solutions of (12), are explicitly given by:
s = j − (~k −
β
κ
~p )× ~u+ (~p−
β
µ
~k )× ~q
U = E −
µe~u
2
2
−
κe~q
2
2
−
βµe
µ
~q.~u− ν h
where ν is a frequency and where we have used the relations
~I = µe~u, ~f = −κe~q, h = j − s
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defining the velocity vector ~u, the position vector ~q and the action h where
κe = κ−
β2
µ
, µe = µ−
β2
κ
are the effective Hooke’s constant and the effective mass respectively.
The inverse Ω−1 of Ω ( i.e the restriction of the Kirillov form in the basis
(J, P1, P2,K1,K2, F1, F2,Π1,Π2,H,M,M
′, S,Λ) to the orbit) is
Ω−1 =
1
β2 − µκ


0 0 0 0 µ 0 −β 0
0 0 0 0 0 µ 0 −β
0 0 0 0 −β 0 κ 0
0 0 0 0 0 −β 0 κ
−µ 0 β 0 0 0 m 0
0 −µ 0 β 0 0 0 m
β 0 −κ 0 −m 0 0 0
0 β 0 −κ 0 −m 0 0


We then verify that the symplectic form on the orbit O(m,µ,β,κ,s,U) is
σ = d~p ∧ d~q + d~k ∧ d~u+
β
κ
d~p ∧ d~u−
β
µ
d~k ∧ d~q (30)
The Poisson brackets of two functions H and f on the orbit
corresponding to the symplectic form (30) is
{H, f} =
∂H
∂pi
∂f
∂qi
−
∂H
∂qi
∂f
∂pi
+
∂H
∂ki
∂f
∂ui
−
∂H
∂ui
∂f
∂ki
−
β
κ
ǫi
j ∂H
∂pi
∂f
∂uj
+
β
µ
ǫij
∂H
∂qi
∂f
∂kj
and the nontrivial Poisson brackets within the coordinates are
{pj , q
i} = δij , {kj , u
i} = δij , {pj, u
i} =
β
κ
ǫi
j ,
{qi, kj} =
β
µ
ǫij, {pi, kj} = 0, {q
i, uj} = 0
This means that the linear momentum ~p is canonically conjugate to the
position ~q as well as the static momentum ~k is canonically conjugate to the
the velocity ~u. Moreover the linear momentum does not commute with the
velocity as well as the static momentum does not commute with the position.
Note that in this case, (~q, ~u) is an element of the tangent space (evolution
space) while (~p,~k) is its dual.
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5.2.2 Symplectic realizations and equations of motion
Let the symplectic realizations of the noncentrally extended Static group on
its coadjoint orbit be given by (~p ′, ~k ′, ~q ′, ~u ′) = D
(~η,~l,θ,~v,~x,t)
(~p,~k, ~q, ~u) . By
using coadjoint action, we verify that
~q ′ = R(θ)~q + ~vτ +
κ
κe
~x
~u ′ = R(θ)~u− νe~x−
µ
µe
~v
~p ′ = R(θ)~p− tκe[R(θ)~q − ~vτ −
κ
κe
~x ]−m~v + κ~η + β~l
~k ′ = R(θ)~k + tµe[R(θ)~u− νe~x−
µ
µe
~v ] +m~x+ µ~l + β~η
τ = β
κe
, νe =
β
µe
being a duration and a frequency respectively.
The evolution with respect to the time t is
~q (t) = q , ~u (t) = ~u
and
~p (t) = ~p− tκe~q
~k (t) = ~k + tµe~u
The equations of motion are then given by
d
dt
(
~p(t)
~k(t)
)
=
(
−κe~q
µe~u
)
,
d
dt
(
~q(t)
~u(t)
)
=
(
0
0
)
(31)
With the planar noncentrally extended Static group, we have obtained a
completely noncommutative phase space equipped with modified symplec-
tic structure defined by relation (30) and dynamics given by equations (31).
We can summarize our findings. From the group theoretical discussion
above, we see that the coadjoint orbit method applied to the two-parameter
central extensions of anisotropic Lie groups and to the noncentral extensions
of absolute time Lie groups gives rise to three kinds of noncommutative phase
spaces :
• phase spaces whose only positions do not commute, i.e : generators
of pure kinematical group transformations are noncommutative in ex-
tended groups. This arrives with the Galilei algebra G by considering
both the anisotropic and the absolute time cases.
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• phase spaces whose only momenta are noncommutative due to the
noncommutativity of generators of space translations in extended Lie
groups. This is the case of the Para-Galilei group G′ by considering
both the anisotropic and the absolute time cases.
• phase spaces which are completely noncommutative: that means that
both generators of pure kinematical group transformations and gener-
ators of space translations do not commute. These are obtained with
the Newton-Hooke Lie groups NH±, the Static Lie group and the Car-
roll Lie group.
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